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Abstract 

We study the effective action of the heterotic string compactified on particular half- flat manifolds 
which arise in the context of mirror symmetry with NS-NS flux. We explicitly derive the 
superpotential and Kahler potential at lowest order in a' by a reduction of the bosonic action. 
The superpotential contains new terms depending on the Kahler moduli which originate from 
the intrinsic geometrical flux of the half-flat manifolds. A generalized Gukov formula, valid for 
all manifolds with SU(3) structure, is derived from the gravitino mass term. For the half-flat 
manifolds it leads to a superpotential in agreement with our explicit bosonic calculation. We 
also discuss the inclusion of gauge fields. 
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1 Introduction 



The stabilization of moduli remains one of the central problems when trying to relate string theory 
to low-energy particle physics. Recently, flux compactifications were intensively studied as a method 
to tackle this problem, mostly in the context of type II strings or M-theory [1]~[39]. The analysis 
is particularly straightforward within the context of type IIB strings on Calabi-Yau spaces where 
a combination of NS-NS and RR flux can be used to fix all complex structure moduli as well 
as the axion-dilaton [8]. If all moduli are successfully stabilized in such models [40] the radius 
of the internal space is usually not much larger than the string scale. This excludes very large 
additional dimensions and a low string scale and means that low-energy supersymmetry remains as 
the only known option to stabilize the electroweak scale. Explicit examples for type II brane models 
can be found, for example, in Refs. [41]-[49]. The construction of phenomenologically attractive 
supersymmetric type II brane models has so far proven difficult, however, see Ref. [50]. 

The situation is somewhat reversed in the context of heterotic string models. It has been known 
for a long time that supersymmetric models with broadly the right phenomenological properties 
can be obtained easily and in large numbers [51, 52]. NS-NS flux in heterotic compactifications 
has been introduced some time ago [53, 54, 55, 56, 57] and there are also a number of more recent 
discussions [58, 59, 60, 61, 62] of the subject. However, discarding the Eg x Eg or SO(32) gauge 
fields whose vacuum expectation values are tied to the curvature via the Bianchi identity, the 
NS-NS three-form field strength is the only antisymmetric tensor field in heterotic theories which 
implies an apparent lesser degree of flexibility in fixing moduli through flux, as compared with type 
II theories. In particular, no even-degree form field strength is available whose flux could fix the 
Kahler moduli. 

In this paper, we are going to address this problem by considering the heterotic string on 
particular six-dimensional manifolds with SU(3) structure and non-vanishing (intrinsic) torsion. 
We will see that these manifolds encode even-degree fiux "geometrically" and we will compute the 
resulting Kahler moduli superpotential explicitly. The existence of these manifolds is suggested by 
type II mirror symmetry with NS-NS flux, as has been argued in Ref. [17, 20]. This conjecture 
was generalized and further evidence was provided for it in Refs. [63, 64]. Explicit non-compact 
examples were constructed in Refs. [65, 66]. Also, consistency of embedding such backgrounds in 
string/ M-theory was discussed in Ref. [67]. 

In Ref. [17], it was proposed that type IIB (IIA) on a Calabi-Yau three-fold with NS-NS flux is 
mirror-symmetric to IIA (IIB) on a particular class of six-dimensional half-flat manifolds with SU(3) 
structure. In the following, we will refer to these manifolds as half-flat mirror manifolds. Under the 
mirror map, the original odd-degree NS-NS flux, which generates a superpotential for the complex 
structure moduli, is mapped to even-degree geometrical flux of the half-flat mirror manifolds, which 
generates a superpotential for the Kahler moduli. In this paper, we are not interested in type II 
mirror symmetry by itself but merely as a means of "defining" the half-flat mirror manifolds. Our 
goal is to consider the heterotic string on the so-deflned manifolds with torsion. 

The heterotic string on non-Kahler manifolds was already discussed in a number of papers [68, 
69, 70, 71, 72, 73] and the supersymmetric solutions were classifled in terms of the five torsion 
classes of manifolds with SU(3) structure. However, the lack of knowledge of internal properties 
(such as the moduli space) of general manifolds with SU(3) structure makes it difficult to derive 
the effective action for such theories and, so far, general properties of the superpotentials have been 
discussed [69, 70, 71]. 
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In comparison, we can see a number of advantages in our approach. First of all, type II mirror 
symmetry strongly suggests the existence of the half-flat mirror manifolds and it imposes very 
strong constraints on them. In fact, mirror symmetry provides us with a concrete set of relations 
describing half-fiat mirror manifolds, which allows the calculation of much of the low-energy effective 
action. Their mirror symmetry origin implies that a half-flat mirror manifold should exist for each 
Calabi-Yau three-fold with a mirror and for each set of NS flux parameters. Hence, we are dealing 
with a large class of manifolds which is closely linked to Calabi-Yau three-folds. This will hopefully 
lead to models preserving many of the attractive features of heterotic Calabi-Yau compactifications 
while at the same time enhancing the flexibility for moduli stabilization through flux. 

In this paper, we will mainly focus on zeroth order in a', that is, on the gravitational sector 
of the heterotic string and we will discuss only some aspects of including gauge fields. The full 
gauge field sector will be included in a forthcoming publication [74]. Our main aim is to derive the 
effective four-dimensional = 1 supergravity for the heterotic string on half-flat mirror manifolds 
to this order in a'. In particular, we will compute the superpotential which will be done in two 
largely independent ways, namely from the bosonic action and the gravitino mass term. We also 
obtain a general Gukov-type formula for the superpotential which we expect to hold for all heterotic 
compactifications on manifolds with SU(3) structure and to first order in ol . 

The outline of the paper is as follows. In the next section, we present a brief review of the 
10-dimensional action of the heterotic string and of the half-flat mirror manifolds on which we are 
going to carry out the dimensional reduction. Section 3 reduces the bosonic part of the action on 
half- flat mirror manifolds at zeroth order in a', at first without and eventually including NS-NS 
flux. In section 4, we present an alternative derivation of the superpotential from fermionic terms in 
the action. Based on the gravitino mass term, we first derive a Gukov-type formula for the heterotic 
string on SU(3) structure manifolds and then show that, specialized to half-fiat mirror manifolds, 
it reproduces the previous result for the superpotential. Section 5 discusses some steps necessary to 
include gauge fields and we conclude in Section 6. Two appendices present some relevant results in 
special geometry and the calculation of the potential from the superpotential in the general case. 

2 Review of background material 

In this section, we present some background material in order to set up our notation and con- 
ventions. Firstly, we review the 10-dimensional effective action of the heterotic string [52] which 
is the action we would like compactify to four dimensions. Then we describe the half-flat mirror 
manifolds [17] on which we are going to carry out the dimensional reduction. 

2.1 Ten-dimensional effective action for the heterotic string 

The 10-dimensional effective action for the heterotic string is given, to leading order in a', by 
10-dimensional N = 1 supergravity coupled to 10-dimensional super- Yang-Mills theory with gauge 
group £^8 X Eg or SO(32). In this paper, we will focus on the Eg, x Eg case for definiteness but most 
of our considerations will directly apply to the SO (32) case as well. Ten-dimensional coordinates 
are denoted by (x^), labeled by curved indices M, A'', • • • = 0, . . . , 9. 

The 10-dimensional N = 1 supergravity multiplet consists of the metric gMN, the dilaton cf), 
the NS-NS two-form Bmn and their fermionic partners, the gravitino and the dilatino A, both 
10-dimensional Majorana-Weyl spinors which we take to be of positive chirality. Here and in the 
following a hat denotes a 10-dimensional quantity. To lowest (zeroth) order in the a' expansion the 
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bosonic part of the effective action is given by [52] 
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where H = dB is the three-form field strength of B and R is the Riemann curvature scalar. We 
will later find it useful to consider some of the fermionic terms. To zeroth order in a' they read 

So,fermionic = -\ I d^\ e-'^H'^ mV^ D P (2.2) 

where the dots stand for additional four-fcrmion terms and terms which involve the dilatino. Here, 
Vm are the 10-dimensional gamma matrices which are taken to be real, conjugation is defined as 
?/i = i^'^Vq for a spinor and multi-indexed V symbols denote anti-symmetrized products of gamma 
matrices with unit norm, as usual. For convenience we have chosen the overall dilaton factor to be 
the same as in the bosonic part of the action by appropriately rescaling the gravitino field. 

The 10-dimensional Yang-Mills multiplet consists of the gauge field Am, with field strength 
FmNi and its superpartncr, the gaugino, both in the adjoint x (or SO(32)). The kinetic 
terms for these fields along with W terms and additional four-fcrmion terms involving the gauginos 
arise at order a' . The bosonic among those terms are given by 

5i,bosonic = -rr^ [ d^^^ge'^ |iV(F2) - t^^R^)] (2.3) 

where tr(i?^) really stands for the Gauss-Bonnet combination. The curvature two- form R is com- 
puted in terms of the modified connection 

i^ij^ = ^MN^ + -^Hmn^ , (2.4) 

where co is the Levi-Civita connection. The other modification to the action at this order appears 
in the definition of the field strength H which now becomes 

^ a' 

H = dB + — {ui^- uym) ■ (2.5) 
Here, and ujym are the usual Lorentz and Yang-Mills Chern-Simons three-forms defined by 

= tr Alj — ^a; A a) A a;^ (2.6) 

a^YM = Tr (^F aA-^AaAaA^ (2.7) 

The trace Tr denotes 1/30 of the trace in the adjoint for E^ x E^ or the trace in the fundamental for 
SO(32), as usual. These are the only corrections to the action at order a'. Further terms appear 
at order a'^ which, however, will not concern us here. In fact, throughout most of the paper we 
will focus on the leading, zeroth order in a' for which we present a complete analysis. In addition, 
we discuss some aspects related to the gauge fields. 
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2.2 Half-flat manifolds 



We will now briefly describe the particular six-dimensional manifolds on which we are going to 
carry out the reduction of the 10-dimensional heterotic effective action. In general terms, these 
manifolds arise as the mirrors of Calabi-Yau manifolds with (a particular type of) NS-NS flux, as 
constructed in Ref. [17]. Before we get to this specific definition in terms of mirror symmetry it 
is useful to review the main properties of the general manifolds with SU(3) structure and their 
classification in terms of torsion classes following [75] and then specialize to the case of half-flat 
mirror manifolds. 

A six-dimensional manifold is said to have SU(3) structure if it admits a globally defined spinor ^ 

which we denote rj. From a physical point of view this is the most practical definition as this globally 
defined spinor ensures that the action obtained by compactifying on such manifolds preserves some 
supersymmetry. 

The geometric properties of manifolds with SU(3) structure are better described in terms of 
two invariant forms J and ft which can be defined as bi-linears in the spinor rj as follows 

Jmn ~ i'n'lfmnV i 

, (2.8) 

^ ^mnp — V Imnp V 

Here, 7m, with indices m, n • • • = 5, . . . , 9 are six-dimensional Euclidean gamma matrices which are 
chosen to be purely imaginary. As before, multiple indices denote antisymmetrisation. Note that 
the normalization of fl is different from what can be found in the literature and was chosen in order 
to agree with the usual moduli space conventions. Indeed, it is easy to check using gamma matrix 
algebra and Fierz identities that 

nmnpfl'^'''' = S\\Mf , (2-9) 

provided the spinor r] satisfies r/^r/ = 1. 

Manifolds with SU(3) structure can be classified by their intrinsic torsion and it will be useful to 
briefly review this. For a more complete account see, for example, Refs. [75]. It is well known that 
the SU(3) structure induces a metric on the manifold [76]. The Levi-Civita connection associated to 

this metric violates in general the structure, but there always exists a connection which we denote 
V^^) which does preserve it. In other words, denoting any of the invariant objects ?7, J or O by ^ 
we have 

V^'^^C = . (2.10) 

Any connection, and in particular V^^^ defined above, can be expressed in terms of the Levi-Civita 
connection V as 

Vi?=Vm + ACm, (2.11) 

where k„i are matrices whose entries constitute the contorsion tensor Hmnp- Unlike the Levi-Civita 
connection, this connection has a torsion T^np = i'^[mn\p- Note that the contorsion tensor is anti- 
symmetric in its last two indices and can be thought of as a one-form taking values in so(6), the 
Lie-algebra of S0(6). Thus, we can decompose it under the SU(3) structure group as 

K^ = K^ + <-(3) , (2.12) 

where Km''^'* takes values in su(3) = 8, the Lie-algebra of SU(3) and takes values in the comple- 
ment su(3)"'" = 1 © 3 © 3 of su(3) within so(6). The action of on the SU(3) invariant tensors 

^For definiteness we will take this spinor to be Weyl, but one can as well work with Majorana spinors. 
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$, vanishes and, hence, the left-hand side of the compatibihty condition (2.10) only depends on k° 
which is called the "intrinsic contorsion". This intrinsic contorsion can be used to classify SU(3) 
structures and it is useful, in this context, to analyze its SU(3) representation content. From what 
has been said above, the intrinsic contorsion kP is an element of the SU(3) representation 

(3 e 3) (g) (1 © 3 © 3) = (1 ® 1) ® (8 ® 8) ® (6 ® 6) ® (3 ® 3) ® (3 ® 3)' . (2.13) 

The five terms on the right-hand side of this relation correspond to the five torsion classes [75], 
denoted by Wi, . . . ,W5, of six- dimensional manifolds with SU(3) structure. These classes are a 
useful tool to characterize the intrinsic torsion and the associated SU(3) structure. The intrinsic 
torsion can also be read off from the exterior derivatives dJ and dQ, since Eq. (2.10) implies that 

{dJ)mnp = 6Kf^/J,|p] (2.14) 
{d9.)jnnpq = 12 K^rnrJ'^rlpq] ■ (2-15) 

Therefore, a practical way to specify the intrinsic torsion of an SU(3) structure is to explicitly write 
down expressions for dJ and d,Q. As can be seen from Eqs. (2.14) and (2.15), these expressions 
contain information about various of the five torsion classes, namely 

dJe Wi®>V3e>V4 , dneWi®W2®W5 . (2.16) 

It will turn out that the first torsion class Wi plays a special role in the case we address in this 
paper. Thus we define the corresponding contorsion to be 



^mnp 



Wi 



where ki is given by 



and we have used Eq. (2.14). 



In this paper, we are interested in a more special class of manifolds with SU(3) structure, 
namely half-flat manifolds. They are defined as six-dimensional SU(3) structure manifolds with the 
invariant forms J and Q, satisfying 

dO_ = 0, dJAJ = 0, (2.19) 

where Q.- is the imaginary part of J7. Comparison with Eq. (2.16) reveals [75] that these conditions 
are equivalent to vanishing torsion classes , (these being the imaginary parts of the classes 
Wi and W2), Wi and W5. 

The specific half-flat manifolds considered in this paper arise in the context of mirror symmetry 
with NS-NS flux [17]. Let us briefly review how this comes about. Consider a mirror pair X and Y of 
Calabi-Yau manifolds and introduce a standard symplectic basis (a/,/9^), where / = 0, . . . h?'^{X), 
of the third cohomology on X. We start with, say, type IIB on X in the presence of NS-NS 
flux H = where i = 1, . . . ,h'^'^{X) and C = (ej are real flux parameters. Is there any 

compactification on the IIA side which is mirror-symmetric to this configuration? Evidence for this 
has been presented in Ref. [17, 20] and it has been shown that the mirror configuration is given 
by IIA on a half-flat manifold 1^, closely related to the original mirror Calabi-Yau Y, but without 
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NS-NS flux. Moreover, it has been argued that the moduli spaces of metrics on Y and are 
identical for all values of the flux 

Let us now describe the structure of these half-flat mirror manifolds in more detail. Matching 
of the moduli spaces of metrics, together with the correspondence between metrics and SU(3) 
structures implies that the forms J and J7 have expansions 

J = v'LUi (2.20) 
n = z^ua-GaP^ (2.21) 

similar to the ones on the associated Calabi-Yau manifold Y. Here (cjj), where = 1, . . . , h^'^(Y) 

are (1, l)-forms and (a^, /3a)) where A,B,--- = 0, . . . , h'^'^{Y), are three-forms, suitable for the ex- 
pansion of J and while the coefficients and are the analog of Kahler and complex structure 
moduli. For simplicity, we will continue to use Calabi-Yau terminology and refer to Kahler and com- 
plex structure moduli and moduli spaces, although the manifolds Y"^ are generally neither Kahler 
nor complex. The three- forms (u'^jPa) satisfy the standard normalizations 

/ aAA(3^ = d^, / ttA A as = / A = , (2.22) 

and we also introduce dual four-forms a;* such that 

/ LUi A Lu^ = 6{ . (2.23) 

JY( 

So far, all relations are identical to the corresponding Calabi-Yau ones. However, unlike in the 
Calabi-Yau case the forms loi and {aA, P^) are not all closed and, in particular, do not form a basis 
of the second and third cohomology. Rather, as shown in Ref. [17], mirror symmetry requires them 
to satisfy the differential relations 

dao = Ciu' , daa = 0, dp^ = , dwj = 6^/3° , dcj* = , (2.24) 

where we have introduced indices a, 6, • • • = 1, . . . , h?''^{Y). The real parameters Cj are precisely the 
NS-NS flux parameters on the mirror side mentioned earlier and they encode the degree to which 
the half-flat mirror manifold Yq "deviates" from the associated Calabi-Yau manifold Y . Using the 
above relations together with the expansions (2.20) and (2.21) for J and $7 it is easy to show that 

dJ = v'ap'^ (2.25) 
dn = Ciiu' . (2.26) 

As discussed, the right-hand sides of these relations specifies the intrinsic torsion and the SU(3) 
structure of the manifolds 1"^. Comparison with the conditions (2.19) shows that they are indeed 
half-flat manifolds. 

The point of view taken in this paper is that mirror symmetry with NS-NS flux provides us with 

a practical "definition" of the half-flat manifolds 1^ as well as with a set of relations which allows us 
to deal with them. The evidence for mirror symmetry with NS-NS flux was obtained in the context 
of HA and IIB supergravity [17] and one should, hence, expect the above relations to be valid 
only in the large complex structure limit. We will, therefore, work in this limit, in addition to the 
large radius limit in Kahler moduli space which is mandatory whenever supergravity theories are 
considered. In this paper we are not interested primarily in mirror symmetry itself but in using the 
so-defined manifolds in the context of the heterotic string. We can see a number of advantages in this 
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method compared to, for example, working with the heterotic string on general manifolds of SU(3) 
structure or even general half- flat manifolds. Firstly, mirror symmetry strongly suggests that the 
manifolds 1^ actually exist although we are not aware that examples of these manifolds have been 
explicitly constructed except for the non-compact cases considered in Ref. [65] . Secondly, we have a 
relatively simple and explicit set of differential relations, describing these half-flat mirror manifolds, 
which facilitates concrete calculations. And finally, from mirror symmetry one expects a half- flat 
mirror manifold 1^ for each Calabi-Yau space X with a mirror Y and each set of flux parameters C,. 
This means we are dealing with a large class of manifolds closely related to Calabi-Yau manifolds. 
Hopefully this allows one to keep some of the phenomenologically attractive features of heterotic 
Calabi-Yau compactifications [51] while gaining additional benefits, for example in terms of moduli 
stabilization through flux. 

3 Heterotic on half-flat: the bosonic action to lowest order in a' 

We will now carry out the dimensional reduction of the heterotic string on the half-flat mirror 
manifolds ^ Y described in the previous section. We only consider the reduction of the bosonic 
part of the action which should be sufficient to obtain all the relevant information about the four- 
dimensional effective action. However, the reduction of some of the fermionic terms provides some 
additional insights and confirmation of the bosonic results and we will come back to this in the 
following section. For now, we restrict the calculation to lowest (zeroth) order in a' which, in 
particular, means we will not deal with gauge fields at this stage. We will discuss the inclusion of 
gauge fields later. 

3.1 The reduction 

We would now like to compactify the zeroth order bosonic action (2.1) on a half-flat mirror manifold 
Y . As usual in flux compactifications, the collective modes are taken to be the same as for the 
corresponding case without flux, that is, as for the reduction on the associated Calabi-Yau manifold 
y, in our case. This approach is in line with the earlier statement that the moduli spaces of the 
half-flat mirror manifolds Y and the associated Calabi-Yau manifolds Y are identical. Of course, 
one expects the flux to induce a low-energy potential and, potentially, masses for some of the 
previously massless fields. The idea will be that this "fiux" scale is sufficiently lower than the 
string and Kaluza-Klein scales. Only then can heavy string/Kaluza-Klein modes be neglected 
while modes acquiring masses from flux effects can be kept. This can be achieved by sufficiently 
small flux parameters e,j and/or large radii of the internal manifold. At any rate, this separation of 
scales can be consistently checked once the low-energy potential has been computed. Although one 
expects the flux parameters to be quantized (since the NS-NS fiux of the mirror is quantized) we 
will here work in a supergravity approximation and view them as continuous parameters. We also 
adopt the general principle that our low-energy effective theory should rcdiicc to the standard one, 
obtained from the reduction on the associated Calabi-Yau manifold Y, in the limit of vanishing 
fiux parameters, Cj — ^ 0. 

We split 10-dimensional coordinates as (x*^) = (x^, x""^) with external indices - ■ ■ = 0, 1, 2, 3 
and internal indices m, n, ■ • ■ = 4, . . . 9. The 10-dimensional metric for our reduction then takes the 
form 

cLsIq = e^'^'g^.^dxi'dx'' + gmndx^dx^ , (3.1) 
^For convenience, we will drop the index C, on 1^ from here on. 
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where gmn is the metric on the half-flat mirror manifold Y induced by the SU(3) structure and g^i, 
is the four-dimensional metric. We have also introduced the zero mode 

<t> = ^-llnV, (3.2) 



of the dilaton where V is the volume 

V = 



- / d''x^ (3.3) 
V Jy 



of the internal space Y, measured relative to a fixed reference volume v. The dilaton factor in 
front of the four-dimensional part of the metric (3.1) has been chosen so that wc arrive at a 
canonically normalized Einstein-Hilbert term in four dimensions. As we have already explained, 
the moduli space of internal metrics gmn on Y is parameterized by Kahler moduli v^, where = 
1, . . . , h^'^{Y) and complex structure moduli z°', where a, 6, • • • = 1, . . . , h^'^{Y). More specifically, 
we can write the following standard equations for the deformations of the metric 

1 _ . (3.4) 
^9aP = - pjp^°^ (Xa)^5y3 > 

where we have introduced a set of (2, l)-forms Xa and holomorphic (anti-holomorphic) indices 
a, . . . (a, /3, . . . ) on the internal space. Finally, we have the following zero mode expansion for 
the NS-NS two-form 

B = B + b'ui (3.5) 
H = H + db'^ Aui + {b'ei)P° , (3.6) 

where B is a four-dimensional two-form with field strength H = dB and 6' are h^'^{Y) real scalar 
fields. Note that the last term in the Ansatz (3.6) for the field strength H is new compared to the 
Calabi-Yau case and results, via Eq. (2.24), from the fact that the (1, l)-forms Ui are no longer 
closed. This term does have the form of (a particular type of) if-flux, although it should be kept 
in mind that it originates from the intrinsic "flux" encoded in the half-fiat mirror manifolds. For 
now we will not include genuine i^-flux into the calculation but defer this until later in the section. 

Inserting the Ansatz (3.1)-(3.6) into the 10-dimensional bosonic action (2.1) one finds, after 
integrating over the internal space 

S4 = 3_/"|_R^i + 2d^A *d(j) + l-da A *da + 2h^}) df A i<dP 

2^4 J ^ 2 'J 

+2h^2dz'' A -kdz^ + 2kIV * 1} , (3.7) 
with the four-dimensional Newton constant n\ = k\q/v and the scalar potential 



V = 4,^j2g20+i^(i)+i^(^) 



eiejh'f^^+4{eiby . (3.8) 



The complex Kahler moduli are defined by 

f = b' + iv' , (3.9) 
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and the four-dimensional two-form B has been duahzed to the scalar a. The Kahler and complex 
structure moduli space metrics are defined as usual by 



Y 



,(2) _ Jy Xa A Xb 



with inverse metrics h^-^^ and and associated Kahler potentials 

k(^) = - ln(8V) 



= - In ( i I nAn 



(3.12) 



In this calculation, we have used the following result for the integrated scalar curvature of half-flat 
mirror manifolds 

^ VgRhf = vexp e,e,/i;{) , (3.13) 

which was proven in Ref. [17], as well as the special geometry relations (A. 11) and (A. 20) in order 
to evaluate the integral Jy (3^ A The two contributions to the four-dimensional potential (3.8) 
originate from this non-vanishing scalar curvature and the additional term in the Ansatz for the 
NS-NS 3-form field strength H in Eq. (3.6), respectively. 

3.2 Four-dimensional supergravity 

The four-dimcnsional action derived in the previous subsection should be the bosonic part of an 
N = 1 supergravity theory. We would now like to make this explicit comparing it to the standard 
N = 1 supergravity action [77]. 

The kinetic terms in (3.7) are easy to deal with since they are identical to the ones arising in 
standard Calabi-Yau compactifications. We introduce chiral superfields S, T* and Z"" satisfying 

S\ = a + ie-^'^ (3.14) 
r| = f (3.15) 
= , (3.16) 

where the bar denotes the lowest component of the multiplet. Then the Kahler potential reproduc- 
ing the kinetic terms in Eq. (3.7) can be written as 

i^ = «:4-2(i^(S)+i^(i)+i^(2)) , (3.17) 

where 

= - \n[i{S - S)) , (3.18) 

and and are given in (3.12). In order to perform a concrete calculation one needs to 

express these Kahler potentials in terms of the low energy fields. This is done via holomorphic 
pre-potentials and Q and the respective equations are given in (A. 4) and (A. 10). 

Having fixed the Kahler potential and the superfields in terms of component fields via Eqs. (3.14)— 
(3.16) we now have to check whether the potential (3.8), obtained from dimensional reduction, can 
be reproduced from the standard supergravity expression 

V = Kj^e'"'^ (k^^DxWDyW - ?>nl\wf^ , (3.19) 
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for a suitable choice of superpotential W. In this expression, we have used indices X,Y, . . . to label 
all chiral superfields ($"^) = {S,T^,Z°') and Dx denotes the Kahler-covariant derivative defined by 

DxW = dxW + kIKxW . (3.20) 

Further is the inverse of the Kahler metric K^y- 

The potential (3.8) is quadratic in the axionic fields 6' which are part of the chiral multiplets 
T' . This suggest that the superpotential may be a linear function in the fields T*. In fact, we claim 
that W is given by 

W = V8eiT\ (3.21) 

Let us now verify this claim. We first note that, using the expression (3.17) for the Kahler potential, 
the pre-factor in the reduction potential (3.8) can be re-written as 

4 exp (2,^ + if + = Se'^'^ . (3.22) 

This correctly matches the e'^*^ pre-factor of the supergravity potential (3.19). With the superpo- 
tential (3.21), the various Kahler-covariant derivatives are given by 

DsW = —e^'f'W (3.23) 

DiW = VSei + xfV (3.24) 
DaW = K^W . (3.25) 

For the non- vanishing components of the Kahler metric we have Kgg = e^'^/A, Kj^ = h^}) and 
Kg^ = . Using these, and Eq. (A.4) we find 



DsWDgWK^^ = \W\^ (3.26) 
DiWDjWK^'^ = 8eiej/ij{) - 32(6^1;')^ + 3|Wp (3.27) 

DaWDiWK"-^ = 3|VFp . (3.28) 

In the second line, we have used (A. 7) which holds for special geometries with a cubic pre-potential. 
The result in the third line can be proved using a similar cubic pre-potential (A. 18) for the complex 
structure moduli which is justified in the large complex structure limit. Inserting the relations (3.22) 
and (3.26) -(3.28) into the supergravity potential (3.19), using the explicit form (3.21) of W we 
indeed correctly reproduce the potential (3.8) obtained from the reduction. 

To summarize our results so far, we have derived, to lowest order in a', the bosonic part of the 
four-dimcnsional effective action of the heterotic string on half- fiat mirror manifolds Y. Wc have 
shown that this action is indeed the bosonic part of a four-dimensional = 1 supergravity theory 
with Kahler potential (3.17) and superpotential (3.21). This latter statement has been proved 
for large complex structure since we have used the relation (3.28) which, as far as we know, only 
holds in this limit. Given that the relations which define the half-fiat mirror manifolds can only 
be expected to hold for large complex structure this is perhaps not surprising. However, our result 
indicates that the definition of the half-flat mirror manifolds indeed has to be modified away from 
the large complex structure limit. 
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3.3 Including H-flux 

Our previous calculation can be generalized by adding an arbitrary three-form influx > harmonic on 
the internal space, to the Ansatz (3.6) for the NS-NS field strength H. In the analogous Calabi-Yau 
case, the forms (a^,/?^) constitute a basis of harmonic three-forms and the most general NS-NS 
flux is simply given by an arbitrary linear combination of these forms. Here, we have to be more 
careful. Prom Eq. (2.24) we know that ao is not even closed which means it does not define a 
cohomology class. All other forms {aa,(i^) are closed but not necessarily co-closed. However, we 
know that 

di.aa = 0{ei), = 0{e,i) , (3.29) 

since these forms are harmonic in the Calabi-Yau limit Cj 0. Hence, the forms {aa,P^) define 
cohomology classes and they differ from the harmonic representative by exact forms of the order 
Cj. This understood, we write the following Ansatz for the NS-NS flux 

Afflux = eAP^ + H^aA , (3.30) 

where 

eA = (0, ea) , = (0, /x"^) . (3.31) 

We have allowed indices in (3.30) to run over all values to keep expressions covariant but we have set 
fjP = in accordance with the above discussion. Also we note that dealing with the flux parameter 
eo is a bit more subtle as it was argued in [17] that it reproduces the mirror of the zero-NS-flux. For 
this reason, we have also set eo = 0. However, all other flux parameters (ea,/i") are kept arbitrary. 
The so-defined NS-NS flux satisfies 

<^-ffflux = , influx = (second order in flux) . (3.32) 

For the second relation, we have used Eq. (3.29) and, here and in the following, "n*'^' order in flux" 
refers to a quantity proportional to a product of n of the flux parameters e,, ea or fj,"'. 

We would now like to repeat our reduction of the lowest order bosonic action (2.1), using 
the Ansatz (3.1)-(3.6), but modifying the expression for H by adding to it the NS-NS flux (3.30). 
The kinetic terms are, of course, unmodified by the additional NS-NS-flux and the four-dimensional 
effective action is still of the form (3.7), where only the potential V has a different form. Combining 
our earlier expression (3.6) for the field strength H with the if-flux (3.30) we have 

H = H + db'AuJi + (b'ei)P^ + Ca/?" + /i"a„ . (3.33) 

The contribution to the potential which originates from the non- vanishing scalar curvature (3.13) of 
the half-flat mirror manifolds remains the same. However, we have to consider the additional terms 
which arise from this new form of H when inserted into the form field kinetic term. To do this, we 
note, the term proportional to in the above expression looks like an ordinary if-flux and can be 
treated on the same footing. To this end, we define the modified flux parameters ea = {eib'\ £„). 
With these, the potential takes the form 

F = 4e2^+^'^^+^^\,e,/ij{) -2e2^+^'^'(6^ + /x^A^eA)(ImAl)-i^^(6B + /^ . (3.34) 

To obtain the last term we have used (A. 11) and (A. 12) and the matrix Ai is defined in Eq. (A. 19). 
Since we have neglected second order fiux terms in i/flux this potential is correct up to quadratic 
terms in the flux and there are possible corrections of cubic and higher order in flux which we 
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have not calculated. Let us also note that despite the explicit minus sign which appears in the 
above formula, this potential is manifestly positive definite as the matrix {lm{Ai))^^ is negative 
definite. When deriving the potential from the superpotential, this feature will arise from the 
no-scale structure which annihilates the negative contribution in (3.19). We note that Eq. (3.34) 
reduces to the previous formula (3.8) for the potential in the absence of iJ-flux by setting = 
and /x" = 0, remembering that eg = eiV'. 

As before, it has to be checked that the above result can be embedded into four-dimensional 

N = \ supergravity. Since the kinetic terms are unmodified, the definition of superfields is still 
given by (3.14)-(3.16) and the Kahler potential is the standard one, Eq. (3.17). Given these results, 
is the modified potential (3.34) of the supergravity form (3.19) for a suitable superpotential Wl It 
is shown in Appendix B that this is indeed the case, provided one is working in the large complex 
structure limit. The superpotential then reads 

W = V8{eiT' + e„Z" + /x«g„) , (3.35) 

with arbitrary flux parameters Cj, Ca and 



4 Gravitino mass and the superpotential 

In this section we propose another approach to compute the superpotential which will turn out to be 
more suitable for further generalizations and for obtaining some more insight when a' corrections are 
taken into account. Previously, we have derived the moduli superpotential by dimensional reduction 
of the bosonic action and by comparing the result with the standard form of four-dimensional = 1 
supergravity. However, there is also a more direct method using Gukov's formula [78, 79] which, 
in the appropriate form, has led to the correct result for a number of different compactiflcations. 
In this section, we are going to explore this second approach and its relation to the results of the 
previous section, for the case of heterotic string on half-flat mirror manifolds. 

We will proceed in two steps. Firstly, we will derive the appropriate version of Gukov's formula 
from the four-dimensional gravitino mass term which we obtain as a dimensional reduction of the 
appropriate terms in the 10-dimensional action, an approach also considered in Refs. [59, 69]. As we 
will see, the resulting Gukov-type formula applies to the heterotic string on all manifolds of SU(3) 
structure and is valid to first order in a' . As a second step, we then apply this general formula to 
our particular half-flat mirror manifolds and show that it specializes to the superpotential (3.35), 
derived in the previous section. 

4.1 A Gukov formula from the gravitino mass term 

The mass term for the gravitino ^ in four dimensions is given by 

5*,mass = -^/ d^xV^|M3/2*],7V"*: + h.C.| , (4.1) 
^ JM4 ^ ■' 

where the four-dimensional gamma matrices are chosen to be real and the chirality matrix 

^ = (4.2) 

is purely imaginary. In the context oi N = 1 four-dimensional supergravity the gravitino mass can 
be written as 

M3/2 = eM4K/2)W , (4.3) 
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and the invariant function G = K + \n\W\^ can be computed from the gravitino mass using the 
relation 

e« = IM3/2P . (4.4) 

If the Kahlcr potential has been computed independently or the holomorphic part of M3/2 can be 
identified then the superpotential can be obtained directly from M^^2- We are now going to apply 
these facts to the gravitino mass term which descends from the 10-dimensional theory. 

A quick inspection of the ten dimensional action (2.2) reveals which parts potentially con- 
tribute to the gravitino mass terms in four dimensions. The most obvious one is the "flux" term 
^m^^^^^^^nHpqr. This term was also considered in Ref. [59, 69, 62] and, as we will show, 
it gives rise to the well known superpotential W ^ J H A^l which was proposed in Refs. [78, 79]. 
This result for W is definitely correct for Calabi-Yau manifolds, but if the internal manifold has 
only SU{3) structure there will be a further contribution from the gravitino kinetic term in ten- 
dimensions. This additional contribution will turn out to be proportional to the first torsion class, 
Wi, of the SU(3) structure manifold. The reason this term appears in four dimensions is that on 
such manifolds the globally defined spinor r] is no longer covariantly constant with respect to the 
Levi-Civita connection. 

Let us now see how this works in detail. We first have to decompose the 10-dimensional gamma 
matrices 

(Tm) = (T/u 1, 7 7m) • (4.5) 

Note that we have chosen the four-dimensional gamma matrices, 7^, real and the six-dimensional 
ones, jrn, imaginary so that the above decomposition leads to real 10-dimensional gamma matrices. 

Furthermore, we have to decompose the 10-dimensional gravitino in a way compatible with its 
Majorana-Weyl nature. The unique possibility, up to overall rescalings, for the case of a manifold 
with SU (3) structure is 

*M = 62 (Vm ®V + ^*M®ri*)- (4.6) 

where ipM is a four dimensional Weyl spinor of positive chirality. We recall that ij is the six- 
dimensional globally defined Weyl spinor which exists on manifolds with SU(3) structure. The 
external components tpfj_ correspond to the four-dimensional gravitino while 'i/'m represent spin 1/2 
fields. In fact, in order not to have cross kinetic terms between the gravitino and the spin 1/2 fields 
one needs to redefine ip/j, by some particular combination of ipm- However, this subtlety does not 
effect the gravitino mass which can be read off as the coefficient of the term ^ipjiY^^^^ipt- On the 
other hand the normalization of the gravitino field is important since its kinetic term needs to be 
in canonical form in order to read off the correct gravitino mass. For this reason we have chosen 
the overall factor e'^^'^ in Ansatz (4.6) and one can easily check that this leads to the correct kinetic 
term for the gravitino in four dimensions. Let us quickly sketch how this works. Inserting (4.6) 
and (4.5) into the ten-dimensional kinetic term from (2.2) and keeping only the terms involving the 
four-dimensional space-time indices we obtain 

'^^F^'^fD^^'p = (v^^7^"''^.V'p (r?^ry) + <7^""^.^; {rfv*)) ■ (4-7) 

Note that due to our conventions the above terms are the only combinations which survive as 
fj^r] = rj^r]* = 0. Also recall that we have normalized the spinor ry requiring rj^r) = 1 so that 
the terms above do not depend on the internal manifold. Consequently the integration over the 
six-dimensional space will only produce a volume factor which combines with the dilaton factor in 
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Eq. (2.2) into the four dimensional dilaton (3.2). Finally, taking into account the rescaling of the 
space-time metric (3.1) we obtain for the four-dimensional gravitino kinetic term 

SsHn = \l d'xV^ [V^^7^^''^.V'p + i^j:i^'''D.rp] , (4.8) 

^ ^ J Mi 

which is indeed the correct kinetic term for the gravitino in four dimensions [77]. 

Having normalized the gravitino field correctly we can go ahead and derive the gravitino mass 
term. This can be done by inserting the decompositions (4.5) and (4.6), along with the Ansatz (3.1) 
for the 10-dimensional metric into the fermionic action (2.2) and keeping the terms with two four- 
dimensional gamma matrices and no space-time derivatives. Let us consider the two relevant terms 
in (2.2) separately, starting with the kinetic term. We obtain 

From compatibility condition (2.10) we know that the spinor r] is covariantly constant with respect 
to the connection with torsion. This implies 



DnTI - ^KnpgY'ri = , (4.10) 



which, applied to Eq. (4.9), yields 



^r^r'^"^i^„*. = l^l^'^^'^r. {ri^ri'WWp, - l^ll'r'-^u iv^l'^Y'riWp, . (4.11) 

As before, we have discarded terms like ryt^»»-yP5jy which vanish identically. Moreover, the properties 
of six-dimensional spinors and gamma matrices assure that only the totally antisymmetric part of 
fj^^ri^pq^* survives. Using (2.8) and taking care to include all the dilaton factors in Eqs. (3.1) and 
(4.6), we conclude that the torsion contribution to the gravitino mass term can be written as 

= 1^ /t ^ I'-r-^i'-n^ = 1^ X V5 ^>'^.i, ■ (4.12) 

With Eq. (2.14) and the relation Jm^^npq = i^mpq one can also write the above expression in the 
following form 



^ n^^^dJ)^0, = I^QAdJ. (4.13) 

Wc recall from Eq. (2.13) that the torsion k decomposes into five classes according to the various 
SU(3) representations it contains. Evidently, contracting with $7 in the above relation projects out 
the SU(3) singlet part which corresponds to the torsion class Wi. 

For the /f-depcndcnt term in the fermionic action (2.2) the calculation is similar and was also 
discussed in Refs. [59, 60, 69, 62]. One finds 

^^r^^^'Pi^'^^Hnpg = -(V;^ ® r/ + ® r?*)^[7°7''"7^ ® 7"^'] {i^. ® rj + ® V*) , (4-14) 
and comparison with Eq. (4.1) leads to the gravitino mass contribution 
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Adding up the two contributions (4.13) and (4.15) one finds for the gravitino mass 



M3/2 



JnA{H + idJ). (4.16) 



From Eq. (4.4) this determines the supergravity function G. 

Of course we do not know the Kahler potential for general manifolds with SU(3) structure. 
However, it is suggestive to identify the integral in Eq. (4.16) as the holomorphic part and, hence, 
the superpotential and the pre-factor as the Kahler potential. Accepting this we find by comparison 
with Eq. (4.3) that ^ 

M/^ ~ j JIa{h + idJ^ . (4.17) 

Note that H + idJ = d{B + iJ) is precisely the holomorphic combination which determines the 
scalar components (3.15) of the superfields T*. Equivalently, following the notation of Ref. [64] we 
can write the superpotential as 

W --Hi + Ki, (4.18) 

where the SU(3) singlet component of the torsion, ki, was defined in (2.17). Likewise, Hi is the 
SU(3) singlet component of H defined by 

Hmnp Isinglet = — 6-ffi(0 + ^)mnp ■ (4-19) 

Comparing again with (4.3) we can argue that the pre-factor in Eq. (4.16) should determine 
the Kahler potential. Thus we can write 

We stress that one expects these results for G, W and K to be valid for heterotic compactifications 
on all manifolds with SU(3) structure. In addition, they hold up to and including correction of 
order a' since the relevant 10-dimensional gravitino terms in Eq. (2.2) do not receive corrections 
at this order. This latter fact can be illustrated for standard Calabi-Yau compactifications. In 
this case it is straightforward to show that the formula (4.17) correctly reproduces the cubic gauge 
matter superpotential [52] which arises at order a' . We expect the relation (4.17) will be quite 
useful when computing the gauge matter superpotential in more general cases, such as for half-flat 
mirror manifolds. 



4.2 Application to half-flat mirror manifolds 

If the Kahler potential has been fixed by other means, the superpotential can be obtained from 
Eq. (4.16) exactly, including the pre-factor. For example, using the Calabi-Yau Kahler poten- 
tial (3.17) which, as we have seen, also applies to half-flat mirror manifolds one finds 

W = Vl J nA(H + idj) , (4.21) 

similar formula for the superpotential was first proposed in Ref. [17] in the context of type II theories. In 
heterotic string compactifications it appears in Ref. [71], but to our knowledge it was never derived before in a 
systematic way as we do in this paper. 
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It is now just a simple exercise to obtain the expression of the superpotential in terms of the 
component fields in four dimensions. We recall from Eqs. (3.6) and (3.30) that the complete 
Ansatz for the NS-NS field strength, including NS-NS flux, is given by 

H = H + dh'ui + (6^ei)/3° + e^/?^ + . (4.22) 

Using the expansion of the (3,0) form f2 in terms of the complex structure moduli (2.21), the 
particular expression for dJ, (2.25), and the integration rules (2.22) one immediately obtains 

W = V^ {eiT + e„Z" + , (4.23) 

which precisely coincides with (3.35). In summary, we have verified this result in two, largely 
independent ways, namely by a reduction of the bosonic term and from a generalized Gukov-type 
formula which we have derived from the gravitino mass term. 



5 Including gauge fields 

Let us now discuss some properties of the heterotic £^8 ^ -E'S string on half-flat mirror manifolds 
at first order in a'. At this order, the Bianchi identity (2.5) for H receives its gauge field and 
gravitational Chern-Simons correction and finding its solution becomes a non-trivial task. With 

dooYM = Tr (^F A , du>L = tr (^R A (5.1) 

the Bianchi-identity leads to the well-known relation 

dH = ^ (tT{R AR)- Tr(F A F)) . (5.2) 

It implies, as a condition for the Bianchi identity to be soluble, that the right-hand side has to be 
cohomologically trivial and, hence, that 

tr(^ A ^)j = [Tr(F A F)j , (5.3) 

where the bracket [. . . ] denotes the cohomology class. Traditionally, the way to satisfy this condition 
has been the standard embedding [51] although more general possibilities have been discussed in 
the literature [80, 81, 82]. 

Here, we will consider the simplest possibility, a generalization of the standard embedding to 

(CY) 

our compactifications. Let us first recall the standard Calabi-Yau case. The spin connection cUm 
of the Calabi-Yau manifold Y takes values in SU(3) which means its non-vanishing components 

are of the form o;^^^"^. The standard embedding then amounts to setting the internal Yang-Mills 
connection equal to the Calabi-Yau spin connection, that is 



A, 



= -r^"^ . (5.4) 

background 



Here, the indices (a,^) on A refer to an SU(3) sub-group of one of the Eg factors of the gauge 
group. The trace of the square of such an SU(3) generator in the adjoint of Eg is 30 times the 
trace of the square of an SU(3) generator in the fundamental. With the definition of Tr as 1/30 
of the trace in the adjoint of Eg x Eg, this means that the standard embedding indeed solves the 



16 



cohomology constrain (5.3) and, even more strongly, leads to the right-hand side of Eq. (5.2) to 
vanish identically. Note that, at the level of background fields, the internal part of H is vanishing 
so that the modification (2.4) of the spin connection does not contribute for Calabi-Yau manifolds. 
The surviving low-energy gauge group is the maximal commutant of SU(3) within x which 
is Eq X £^8. In addition, one obtains h}-'^{Y) chiral multiplets in the 27 of E^ and /i^'^(F) chiral 
multiplets in the 27 of Eq. 

Can this picture be adapted to half-flat mirror manifolds? There are two essential modifications. 
First of all, the spin connection uj'>nP of the half- fiat manifold generally takes values in SO (6) rather 
than SU(3). Secondly, the internal background value of H is no longer vanishing due to the 
additional term in Eq. (3.6) and, if present, if-flux in Eq. (3.30). Therefore, we have to work 
with the modified connection w which is the correct object that enters the Bianchi identity. Prom 
Eqs. (2.4), (3.6) and (3.30) it is given by 

u^^P = J^fy^P + {b'eiP^ + e„r + M"«a)^"'' . (5.5) 

This connection still generically takes values in SO (6). The generalization of the standard embed- 
ding to half-fiat mirror manifolds is then characterized by 

Am""" = , (5.6) 

where the index pair (np) on A refers to an S0(6) sub-group of one of the Eg gauge factors. The 
trace of the square of an SO (6) generator in the adjoint of £^8 is still 30 times that of the trace in the 
fundamental of S0(6) and, hence, the above choice indeed provides a solution to the cohomology 
constraint (5.3). As for the Calabi-Yau case it sets the right-hand side of Eq. (5.2) identically zero. 

However, the low-energy gauge group is now the commutant of SO (6) within Eg x Eg which 
(modulo global issues) is given by SO(IO) x Eg. It is interesting to compare this to the standard 
Calabi-Yau case. Apparently, switching on flux has broken the gauge group from Eq to SO(IO). 
Prom the decomposition 

78^45-M6-hT6-hl . (5.7) 

of the adjoint 78 of Eq under SO(IO) we conclude that the additional gauge bosons in the 16, 16 
and 1 representations of SO(IO) must have picked up a mass proportional to the flux parameters ej, 
and jj,"-. Por this to happen the additional gauge multiplets must pair up with chiral multiplets 
in the same SO(IO) representations. To see how this works let us examine the decomposition of 
the fundamental of Eq under SO(IO) which is given by 

27 ^16 -MO -Fl. (5.8) 

In the standard Calabi-Yau case, we therefore have h^'^{Y) chiral multiplets in 16 and h'^'^{Y) 
chiral multiplets in 16. One 16 and one 16 (and one singlet) chiral multiplet have to paired up 
with the additional gauge bosons, so they will pick up a mass proportional to flux parameters. It 
is reasonable to expect, therefore, that h^'^{Y) — 1 anti-families in 16 and h'^'^{Y) — 1 families in 
16 are left massless. This expectation should be confirmed by an explicit calculation of the four- 
dimensional effective theory including gauge matter. We remark that the general formula (4.17) 
for the superpotential should be valid including gauge matter and its evaluation should, hence, 
lead to the correct gauge matter superpotential. This will be discussed in detail in a forthcoming 
publication [74]. 

A final remark concerns the gauge kinetic function / of the low-energy gauge group. Prom a 
simple reduction of the 10-dimensional gauge field action (2.2) it is clear that, to order a', this 
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function is given by the dilaton, as in the standard Calabi-Yau case. More precisely, fixing the 
normahzation of the gauge field kinetic term by 



-t4- / d^x^Re{f)Tt{F^) , (5.9) 
where F is the low-energy gauge field strength, and 

= ^ , (5.10) 

one finds that 

f = S. (5.11) 

This result can be expected to receive threshold corrections at order (a')^ which result from terms 
at that order in the 10-dimensional effective action [83]. It would be interesting to calculate these 
corrections for half- flat mirror manifolds. 



6 Conclusion and outlook 

In this paper, we have considered the heterotic string on half-fiat mirror manifolds which arise in 
the context of mirror symmetry with flux. More precisely, given a mirror pair {X, Y) of Calabi-Yau 
three-folds, the associated half-flat mirror manifolds are the mirror duals of X with NS-NS flux 
C = (ei). 

Our main result is the complete derivation of the four-dimensional = 1 efl'ective action to 
lowest order in a' on such manifolds. We find that the Kahler potential for the dilaton S, the 
Kahler moduli T* and the complex structure moduli Z"" is the same as for the reduction on the 
associated Calabi-Yau manifolds Y while the superpotential is given by 

W = VS {ciT + CaZ'' + fX^Ga) . (6.1) 

Here, the first term arises from the intrinsic, geometrical flux of the half-flat mirror manifold and 
the other two terms arise from NS-NS flux with electric and magnetic parameters and yu", 
respectively. The structure of this result certainly invites speculations about more general half-flat 
mirror manifolds which also contain intrinsic magnetic flux and generate the "missing" term m^J-i 
in Eq. (6.1). Unfortunately, at present, there is no explicit description available for such manifolds. 

We have confirmed the above result for W by two largely independent methods, namely by a 
reduction of the bosonic action and via a reduction of some fermionic terms leading to the four- 
dimensional gravitino mass term. As a by-product, we have also obtained a Gukov-type formula 
for the superpotential which wc expect to be valid for the heterotic string on all manifolds of SU(3) 
structure and includes order a' efi^ects. It is given by 

~ J nA(^H + idJ^ , (6.2) 

where J is the two-form which, along with the three-form Q, characterizes the SU(3) structure. 

We have also argued that the standard embedding can be generalized to the heterotic string on 
half-flat mirror manifolds and leads to (in the case of Eg x Eg) a low-energy gauge group SO(IO) x Eg 
rather than Eq x E^. We also expect h^'^{Y) — 1 anti-families in the 16 representation of SO(IO) 
and /i^'^(y) — 1 families in the 16 representation. 
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There certainly remains substantial work to be done concerning the inclusion of gauge and 
gauge matter fields. In particular, one would like to derive the four-dimensional effective theory for 
these fields, understand the way in which the flux parameters break Eq to SO(IO) and compute the 
gauge matter superpotential explicitly. For this latter task the general formula (6.2) will be quite 
useful. All these issues are currently under investigation [74]. 

An important application of our results concerns moduli stabilization in heterotic models. The 
superpotential (6.1) is independent of S so, as stands, at least the dilaton still represents a runaway 
direction. However, we have seen that the gauge kinetic function is still proportional to S and, 
hence, gaugino condensation would generate a non-perturbative superpotential [53] 

Wgaugino ~ exp(-cS') (6.3) 

for some appropriate constant c. Studying the combined effect of this gaugino superpotential and 
(6.1) is an interesting problem which we are currently investigating. 
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Appendix 

A Some useful results on special geometry 

In order to make the paper self-contained we add this appendix on special Kahler geometry and 
their particular realizations on Galabi-Yau manifolds. Our discussion will be carried out for a 
Calabi-Yau space Y with occasional reference to its mirror X. For an extensive cover of the subject 
see Ref. [84, 85]. 

A Kahler manifold of complex dimension n is called special Kahler if its geometry is completely 
determined in terms of a holomorphic function H, called the pre-potential. When written in terms 
of projective coordinates, which we denote by X^, where P,Q, - ■ ■ = 0, . . . , n the pre-potential is a 
homogeneous function of degree two which implies that X^TCp = 27i with derivatives Tip = . 
In terms of the pre-potential, the Kahler potential has the form 

K = -\ni{X^np-XPHp) . (A.l) 

It is also useful to introduce a (n -|- 1) x (n -|- 1) matrix Q 

QPQ = HPQ + 2^ ' (A-2) 

which plays the role of gauge coupling matrix in type II compactifications and which satisfies 
Hp = QpqX(^. 

It is well-known that the moduli space of Calabi-Yau manifolds is governed by two such special 
Kahler geometries: one for the complexified Kahler moduli and one for the complex structure 
moduli. Let us now describe these two moduli spaces in turn. 
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Wc start with the Kahler moduh space of the Calabi-Yau manifold Y which has dimension 
n = h^'^(Y). We denote its projective coordinates by with indices I,J, - - = 0, . . . , h^'^{Y). It 
is also useful to introduce indices i, j, ■ ■ ■ = 1, . . . , h^'^{Y). 

In the large radius limit of the Calabi-Yau space, the prc-potential, which we call JT, is known 
explicitly and given by 

(A.3) 

(Y) 

where d^^-^ are the triple intersection numbers of the manifold Y. Introducing affine coordinates 
f = T''/T^, one finds from Eq. (A.l) for the associated Kahler potential 

= - In (idlkif - - P){t'' - i*^)) = - InSV , (A.4) 

where V can be interpreted as the volume of the Calabi-Yau space. It is useful to describe the 
moduli space in terms of the Kahler form J which can be expanded as 

J = v'^Ui , (A.5) 

where = Im(<:') and (wj) is a basis of the second cohomology of Y. Then, the metric h\^^ on the 
Kahler moduli space can be written as 

= didjK('^ = cu, A . (A.6) 



A useful relation which can be derived from the explicit Kahler potential (A.4) is 



h'f Kf^ = {f -f) = 2iv\ (A. 7) 



where Kf''^ denote the derivatives of the Kahler potential (A.4) with respect to the fields and 

fi^^^ is the inverse of the Kahler metric. 

One can also explicitly compute the coupling matrix defined in (A. 2) which we denote by M- 
The components of M together with the ones of (Im(AA))~^ are given by 

, Im(A/,) = -4V/.g) , (Im(AA))- = - ^ ■ 



Re(Ario) = \d^^jiVh^ , Im(Ario) = 4V/igV , (Im(Ar)) 

Re(AAoo) = -\df2bVb'' , Im(AAoo) = -V - AVhf^ , (Im(AA)) 



-1 ij _ 








4V 


-1 iO _ 


b' 




~V 


-1 00 _ 


1 







(A.8) 



Let us now pass to the complex structure moduli space of the same Calabi-Yau manifold Y 
which has dimension n = h^'^{Y). We denote the projective coordinates on this moduli space by 
Z^, where A, B, ■ ■ ■ = 0, . . . , h'^'^{Y) and also introduce lower-case indices a, 6, ■ ■ ■ = 1, . . . , h^'^{Y). 
The pre-potcntial is called Q. In general, an explicit expression for this pre-potcntial cannot be 
written down. However, one can still derive some useful formulae when working with a generic Q. 
Most of the properties of this space can be described in terms of the holomorphic (3, 0) form $7. 
Recall that in a real, symplectic basis {a a, P^) of three- forms it can be expanded as 

n = Z^aA - QaP^ . (A.9) 
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It follows immediately that the Kahler potential can be written as 

= _ In {i{z^gA - z^Qa)) = -in(^iJ nAnj . (a.io) 

Let us here denote the coupling matrix (A. 2) by A^. It turns out that, for the complex structure 
moduli space, this matrix has a proper geometric interpretation in terms of the integrals 



Bab = c^aA *aB = as A *qa = Bba 

JYa Jy3 



f p^A*(3^ = - [ (3^ A = C^^ , (A.ll) 

Jy3 JYs 

Aa^ = - [ P^A*aA = - I OA A , 
Jy3 Jy3 



IY3 JY3 
which can be expressed as [86, 87 



A = Re{M) {lm{M))~^ , 

B = -lm{M) - Rc{M) ilm{M))-^ Re{M) , (A.12) 
C = {lm{M)) 



-1 



A particularly useful insight can be obtained by choosing a different basis for the third coho- 
mology of Y. One can define complex (2, 1) forms Xa via Kodaira's formula [88] 

^a=-KP^ + Xa (A.13) 

where = Z'^/Z^ are the affine coordinates and denote the derivatives of the complex 

structure Kahler potential (A.IO) with respect to 2;". Then the forms {Q,,Xa:Xa,^) form a basis 
for the third cohomology of Y. In this new basis, the metric h^^f^' on the complex structure moduli 
space has the simple form 

The transformation from the symplectic basis (a^, (3^) to the complex basis defined above can be 
summarized as 

(3^ =f^n + /^«Xa + h.c. , 

(A.15) 

a^=/AO + /A"Xa + h.c. , 



where 



fA _ ~Aa ^ ^°2) = ^A 

■' JyUAn' ^ jy^An^ ' 
Qa n ^t) - - 

f fa Vi-P 



(A.16) 



and by /i"2) denote the inverse of the metric (A. 14). The Kahler covariant derivatives D are 
defined by 



DzZ^ = diZ^ + KPz^ , 
^ _L (A.17) 

DiGa = diGA + K^^^Qa . 
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Until now all the formulae for the complex structure moduli space were generic and can be 
applied to any Calabi-Yau manifold. However, in the limit of large complex struetures one can be 
somewhat more explicit. For this we rely on mirror symmetry which relates the complex structure 
deformations of the Calabi-Yau manifold Y to Kahler deformations on the mirror X. As a result, 
the pre-potential Q is now given by a cubic formula similar to Eq. (A. 3), that is, 

(A.18) 

(X) 

Here, d^j^^ are the triple intersection numbers of the mirror Calabi-Yau manifold X. The matrix 
M can be computed explicitly in this limit and is given by 

Re{Moo) = -^di^^iZ^ + niZ' + Z'^Z'^ + Z^), 

Im(Xoo) = —[l + h'f^{Z- + Z-)iZ'^ + Z'')], 

Re{Mao) = \d^2{Z' + Z'){Z^ + Z^), 
_i<:(2) 

Im(A^„o) = + (A.19) 

2 



e '.(2) 



lm{Mab) = —Kb ■ 



2 



The components of (Im(A^)) ^ read 



(Im(M))- 


-1 ab _ 


-2e^*'^ kg) + {Z" + Z^){Z'' + Z^) 


(Im(X))- 


-1 aO 


-Ae^^^\z'' + Z") , 


(Im(X))- 


1 00 _ 





(A.20) 



As a simple application of the above formulae and as a warm-up for the next section we can 
rewrite the potential [5], obtained by turning on if-fluxes in Calabi-Yau compactifications, in a 
more suggestive way which makes it easier to read off the superpotential. As in Eq. (3.30), the 
i7-fiux 4 

H = caP^ + l^^aA ■ (A.21) 

can be expanded in terms of the symplectic basis {aA,P^)- With Eqs. (A. 11), this potential can 

be written as 



Vh = 4e-^''' Jha*H = -4e-^^'' (ca + /x^>tAc)Im>t"'^''(eB + /x^'A^bd)- (A.22) 

On the other hand, writing the i^-flux in the complex basis defined in (A. 15) the above formula 
reads 

Vh = 8e-^''^(eA/^" + M^/A»)(eB/^^ + M^/B^)y"xaA*X6 

+8e-^*'^ \eAf^ + /x^/aP [ n A *Cl. (A.23) 



''Unlike in the main part of the paper, eA and /x^ denote arbitrary flux parameters, that is, we aUow eo and 
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Inserting the relations (A. 16) and using (A. 14) we obtain 



+8\eAZ^ + ii^Ga? (A.24) 

Thus we can write 

Vh = /i^l) {DaWH){DWH) + \Wh\'' , (A.25) 

where we have defined 

Wh = Vs {caZ^ + ^i^Ga) . (A.26) 

Let us stress that, at this level, Eq. (A.25) does not yet have the structure of the usual supergravity 
relation (3.19) between the potential and the superpotential since the term — 3|T^p is not correctly 
reproduced. However, for heterotic strings compactified on Calabi-Yau manifolds in the presence of 

if-fluxes also the dilaton and the Kahler moduli have to be included in calculating the potential. 
Their contribution is precisely 4|VI///p which cancels against — 3|Wp leaving behind precisely the 
factor {WhI"^ present in (A.25). 



B Superpotential including NS-NS flux 

Having defined all the technical tools in the previous section, wc arc now ready to show that the 
scalar potential in Eq. (3.34) can be indeed obtained from the superpotential (3.35) using the general 
supergravity formula (3.19). To do this it will be useful to replace eo = e^b* in the potential (3.34) 
and pull apart the contributions to the potential coming from the torsion of the half-flat mirror 
manifold and the one coming from the iif-flux, writing the potential as 

V = Vt + Vh + F^ix . (B.l) 

Here, Vr arises from the torsion of the internal manifold, Vh is due to i7-fiux and V mi v is the mixed 
term which is present when both are taken into account simultaneously. Explicitly, these parts are 
given by 

Vr = -2e2^+^'^.,(Im(AA))-^^^■e,■, 

Vh = -2e'"f'+''^'\eA + f^^MAc){lHM))-'^''{eB + f^''MBD), (B.2) 
Kxix = -4(e,6*)e2^+^''^[e„(Im(>l))-i°'^ + /.^(Im(Al))-i°^Re>l^; 

where, in the second line, we have used the convention 

EA = (0, €„) , HA = (0, iia) ■ (B.3) 

Taking into account Eq. (A. 8) one finds that Vr defined above is precisely the potential obtained 
in Eq. (3.8) while Vh is the potential we have discussed in Eq. (A. 22). 
Let us split the superpotential in its two main pieces 

W = Wt + Wh , (B.4) 

where Wt was defined in Eq. (3.21) and Wh is taken from Eq. (A.26) with the specific fiux 
parameters (B.3) inserted. Note that Wt depends only on the Kahler moduli T* while Wh depends 
only on the complex structure moduli Z"'. We would like to reproduce the potential (B.l) by 
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inserting this superpotential, as well as the standard Kahler potential (3.17), into the general 
supergravity formula (3. 19) .We start by evaluating the Kahler covariant derivatives which now 
read 

DgW = -le^W , 



DiW = V8ei + kI'^^W , 
DaW = DaWn + kPWt 



(B.5) 



Using the Kahler metric h^J^ in terms of the fields f, to be derived from the Kahler potential (A.4), 
we obtain 



DsW{DsW)K^^ = \W\ 



DiW{DjW)K^' 
DaW (DhW)K^'' 



8eiej-/ij{) - 2i^/8{eiv'){W -W) + 3\Wf 



(B.6) 



+ 



DaWH{K^^^WT)hl^) +h.C. 



ha 



where we have used 



Kl'^Kfhl^ = 3 , (B.7) 

which follows for the cubic pre-potential (A. 3). 

In the large complex structure limit, the pre-potential for the complex structure moduli space 

is given by (A. 18) and thus, in analogy with the Kahler moduU space, we 

haveKi^^(i^fVf2") =3- 

Using this relation and further splitting W as in Eq. (B.4) we obtain from the supergravity formula 
(3.19) 



-K 



V = 



86^ €jh^-^^ 



S2{eiv'f + 4\Wt\ 



+DaWHiDhWH)h\!^) + \WH\^ 

+{Wt - Wt){Wh - Wh) + 4.{WtWh + WtWr) + 



(B.8) 



It was shown in the main part of the paper that the first line in the above equation reproduces the 
potential Vt from Eq. (B.2) while we have proved in Eq. (A. 25) that the second line gives rise to 
the potential Vh- 

In order to evaluate the mixed terms in the last line which contain half-flat as well as i/-flux, 

we need to compute the expressions daWniK^^)}^^-^. In general this is a complicated task, but in 
our case, as we work in the large complex structure limit, this computation is fairly easy. First of 
all note that in this case we can derive a formula similar to Eq. (A. 7), namely 



(2). 



(B.9) 



Then, making explicit use of the cubic formula for the pre-potential Eq. (A. 18), one can rewrite 
the potential (B.8) into the following form 



V = Ft + ■t^if + 32(ei6')e^e„(Z" + Z«) 



(B.IO) 



+8e 



K 
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Working from the other end, we now rewrite the mixed part of the potential Imix hi Eq. (B.2), 
obtained from the reduction, by using the expHcit form of the matrix A4 given in Eq. (A. 19). One 
can easily show that 

(Im(>f))-^°^Re(>f)Ac = -2e^^'\g„ + 3g„ + (Z^ - Z^)^^^) . (B.ll) 

Inserting this relation into Eq. (B.2) and using the expression for (Im(A4))~^^" from (A. 20) one 
obtains 

T4,ix = 32(ei6^)e^ea(Z" + Z") + 8e^ [eif'^i^iQa + ^Qa + - Z^)Gu) + /i.e.] . (B.12) 

Comparing the result (B.IO) from the supergravity side with the reduction result (B.l), where Vmix 
is given by the formula above, we see that the two potentials arc indeed the same. This proves 
that the potential obtained by compactifying the heterotic string on half-flat mirror manifolds with 
iJ-fiux (3.34), can be obtained from the N = 1 supergravity formula (3.19) with the superpotential 
given by (3.35). 
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